ABSTRACT: The influence of morphology on proton transport in proton exchange membranes (PEM) is studied at the mesoscale using smoothed particle hydrodynamics (SPH), a mesh-free particle method for solving continuity equations. By solving the Nernst−Planck equation for proton transport in lamellar, cylinder, and cluster morphologies, we find that the proton conductivity for cluster morphology is much lower than lamellar and cylinder morphology at all hydration levels. This suggests the porosity and tortuosity in PEM morphology can reduce proton transport significantly at the mesoscale. We also investigated the effect of including a positiondependent diffusion constant (PDDC) tied to the local morphology, which is usually ignored in studies of proton transport in confinement. We calculated the PDDC in lamellar PEM using both quantitative and phenomenological approaches. SPH calculations show that conductivities for PEM systems with a PDDC can vary compared with systems with uniform diffusion constant. Therefore, it is potentially important to take into account the inhomogeneity of transport coefficients when studying proton transport in anisotropic systems.
I. INTRODUCTION
Proton exchange membrane fuel cells are an efficient and clean source of energy. 1−5 The heart of these fuel cells is the proton exchange membrane (PEM). Nafion, a perfluorosulfonic acid (PFSA) PEM developed by DuPont in the late 1960s, is the most widely used PEM for fuel cells. Nafion is a copolymer comprised of hydrophobic polytetrafluoroethylene (PTFE) backbones and pendant side chains of perfluorinated vinyl ethers terminated by sulfonate groups. When hydrated, a nanophase-separated morphology is formed in Nafion that consists of clustered water and hydrophilic side chains distributed in hydrophobic matrix. 4,6−9 As the water content increases the hydrophilic domains expand and form spanning water channels that provide percolating pathways for proton transport. Although the specific morphology of hydrated Nafion is still under debate, several models, such as lamellar water channels sandwiched between polymers, 4, 9 cylinder water tubes inside the polymer matrix, 8 and spherical water clusters connected by narrow channels, 10, 11 have been proposed to interpret the small-angle X-ray scattering (SAXS) experimental data.
Understanding the proton transport mechanism in this confined environment is of great importance for improving the performance of PEM. Molecular dynamics (MD) simulation is a powerful tool for studying proton transport at the atomistic scale, and many studies have been focusing on both the structure of hydrated Nafion and proton transport in such phase-separated structures. 12−32 Accurate description of proton transport should take into account both vehicular diffusion and structural diffusion, 17,24−26,31−34 and it should do so at sufficiently long time scales to achieve truly diffusive (rather than subdiffusive) excess proton dynamics. 32 Structural diffusion, also known as Grotthuss shuttling, 35 involves the excess proton hopping from one water molecule to an adjacent water molecule along the hydrogen bond network 33 and therefore enhances the diffusivity of protons in PEMs. 24−26 Recent work in our group 16, 17, [24] [25] [26] 31, 32 has studied proton solvation and transport in Nafion and other PFSA PEMs with incorporation of the multiproton self-consistent generalization 36 of the multistate empirical valence bond (MS-EVB) method that includes the Grotthuss shuttling mechanism. 33, 36 Reactive MD simulations with the MS-EVB methodology are able to give physically reliable results on proton solvation structure and diffusivities in hydrated PEM membranes and can investigate proton diffusion at much longer time and length scales 32 compared with computationally expensive ab initio MD simulations. 30 It is natural to extend the study of proton transport in PEMs from MD simulations under equilibrium conditions to mesoscale transport under nonequilibrium conditions, such as proton transport, with a concentration gradient across the membrane or under external electric field. However, studying transport of a proton at mesoscale in PEMs would require length and time scales which are not accessible by any current all-atom MD simulations. Although dissipative particle dynamics (DPD) with a coarse-grained model is able to simulate phase-separated morphologies at the scale of tens of nanometers and water transport under an external electrical field, 37−41 the issue of proton transport has not been addressed in DPD simulations. However, at mesoscale the system can be treated as a quasi-continuum by smoothing out atomistic details; therefore, continuity equations such as the Nernst− Planck and Navier−Stokes equations, which work at the continuum limit, are often used to obtain properties related to dynamical proton and water transport in PEMs. 42−44 Recently, our group has applied smoothed particle hydrodynamics (SPH) to the problem of proton transport in PEMs at the mesoscale 45 and under nonequilibrium conditions. SPH is a mesh-free particle method based on Lagrangian formulation of continuum equations. 46−48 It was first developed to solve astrophysical problems in three-dimensional open space 46, 49 and was applied to various problems in fluid dynamics later. 47, 48 The advantage of SPH is that the system is discretized into quasi-particles such that each particle represents a finite volume in space, and by solving the time evolution of density field or other properties of each particle, the continuity equation of the system can be solved using an algorithm similar to classical MD. In our previous study, 45 random polymer morphologies for hydrated Nafion was generated with DPD, and SPH was then applied to these morphologies to study proton transport at the mesoscale. The trend for conductivity as a function of hydration level was found to be in good agreement with experiments.
Previous MD simulations 25 of Nafion with MS-EVB theory show that the diffusion in the cluster morphology is slower than lamellar and cylinder at the same hydration level. In this paper, we follow the SPH methodology developed in ref 45 and investigate the influence of specific morphologies on mesoscale proton transport. We then address the issue of the positiondependent proton diffusion constant (PDDC), which describes the inhomogeneity of diffusion in anisotropic media and has been studied with molecular simulations and theory in recent years. 50−55 We incorporate a PDDC into our SPH formalism, and our calculations show that by considering the inhomogeneity of the diffusion constant, one obtains conductivity values that are different from those from uniform diffusion constants by up to 10%, suggesting the potential importance of taking into account the inhomogeneity of transport coefficients while studying proton transport in confinement.
II. METHODOLOGY
A. SPH Discretization of Nernst−Planck Equation for Proton Transport. The SPH formulation of partial differential equations (PDEs) in hydrodynamic problems involves two approximations: the kernel approximation and the particle approximation. 47 The kernel approximation starts from representing the function f(r) as the convolution of itself and a smoothing function W(r)
where the smoothing function W(r) has a compact supporting length h such that W(r) is zero when r > h. The function W(r) also satisfies the normalization condition
and in the limit h → 0 W(r) approaches the Dirac δ function
The kernel approximation can be also applied to function derivatives; for example, the kernel approximation for the firstorder derivative of a function 47 is
This approximates the derivative of a function with the convolution of itself and the derivative of the smoothing function.
The particle approximation discretizes the functions and their derivatives that have already been written in convolution form based on the kernel approximation. In this approximation, the problem domain we are interested in is decomposed into a set of particles, with particle i associated with a fixed volume ΔV i . Then the integral in eq 1 can be approximated as
and we replace ΔV j with m j /ρ j , where m j and ρ j are the mass and mass density at r j , respectively. This gives
This is the basic formula in SPH to approximate the value of a function f(r) at r i by summation of its neighbors' values weighted by the smoothing function. The particle approximation can be applied to function derivatives as well. Following previous work in our group, 45 we use the Nernst− Planck equation 56, 57 to describe proton transport in PEMs
where C + and D + are the concentration and diffusion constant for the proton, respectively, F is the Faraday constant, z is the charge of a proton, and Φ is the electrostatic potential. In this case we only consider the case where SPH water quasi-particles are immobile in the PEM; therefore, the convection term in the original Nernst−Planck equation is neglected. This is a good approximation for proton transport at low hydration levels 58 where percolation is not very strong. Study of proton transport with water flow would involve solving the Nernst−Planck equation coupled to Navier−Stokes equations, 3, 43, 44 which will be a topic for future research.
To deal with SPH discretization of higher order derivatives with higher accuracy, 45, 59 the following approximation was used to treat the second-order derivatives in the Nernst−Planck equation
Then we obtained the discretized Nernst−Planck equation
Equation 9 has written the time derivative of each quasiparticle's proton concentration as a summation of proton flux from neighboring particles, and its structure is very similar to the equation of motion in MD simulations. This enables us to solve eq 9 using MD integration algorithms, such as the Verlet integrator. The electrostatic potential of particle i Φ i in eq 9 is obtained by (10) where ε is chosen to be the dielectric constant of water. Equations 9 and 10 form the well-known Poisson−Nernst− Planck model for ion transport, 3,60−62 and the steady state solution is obtained by iteratively solving the Nernst−Planck eq 9 and electrostatic potential in eq 10.
B. Simulation Details. We used the same coarse-grained model for PEMs in our previous study 45 to build up polymer morphologies. The model was developed by Wescott et al. 63 based on the hydrated Nafion 117 membrane with an equivalent weight of 1100 g/mol of the sulfonate group. As shown in Figure 1 , the Nafion monomer is represented by three beads: two beads for the backbone and one bead for the side chain, and each bead has a volume of 0.314 nm 3 . The water bead has the same volume as the polymer bead, and this corresponds to about 10.5 water molecules.
Three typical Nafion morphologies are considered here: lamellar, cylinder, and cluster. We built morphologies for hydration levels 5, 10, and 15 by placing water and polymer beads on a lattice, where the hydration level means the number of water molecules per sulfonate group. For the lamellar morphology, since the size of each water bead corresponds to 10.5 water molecules, the lamellar morphology at hydration level 5 can be simply built by sandwiching a layer of water beads between two polymer layers; then another layer of water beads is added when hydration level is increased by 5. In the cylinder morphology, the radius of the water rod is determined by adjusting the number ratio between water beads and side chain beads to be in accordance with the hydration level.
For the cluster morphology, our CG model was built such that the radius of the water pore could match the size of water clusters measured in early experiments by Gierke et al. 64 This gives water pore radii of 10.2, 19.2, and 28.8 Å for hydration level 5, 10, and 15, respectively. Water pores are connected by a channel with a length of twice the bead diameter, 13.6 Å, and then the width of the channel is adjusted such that the ratio between water beads and side chain beads satisfies the given hydration level. More details about building up morphologies can be found in the Supporting Information. An illustration of our models for different morphologies is given in Figure 2 .
The length of the systems along the x direction for all morphologies and hydration levels is equal to three times the pore diameter in the cluster morphology such that the system is large enough and the error from boundary condition could be reduced maximally. 45 For each hydration level, the same proton gradient along the x direction was applied to each system by adding a layer of water beads with fixed proton concentration on both the left and the right side of the system. Adding layers with fixed proton concentration is equivalent to imposing the Dirichlet boundary condition for the Nernst−Planck equation, 65 and this also resembles the case where protons are generated from the anode and consumed at the cathode continuously in a PEM fuel cell. The diffusion constant for each hydration level was obtained from our previous all-atom MD simulations with MS-EVB of hydrated Nafion 26 via a linear interpolation since these simulations were performed at slightly different hydration levels. The electrostatic potential was calculated in the same way as our previous work 45 using eq 10. Each side chain bead has a net charge of −1e, while the backbone beads are neutral. All charges are assumed to be distributed uniformly inside each bead. For each hydration level, a cutoff that is equal to the pore radius in the cluster morphology is applied to the summation of the Coulomb potential in eq 10 assuming that charges are completely screened and local neutrality conserved. This approach gives a qualitative description of the electrostatic potential in the system, and more advanced electrostatic potential calculations will be a topic for future work. More details about setting up SPH simulations are also given in the Supporting Information. SPH calculations were carried out using the LAMMPS 66 package at 300 K, with a time step of 0.1 ps. This choice of time step is based on the Courant−Friedrichs−Levy condition and constraint due to viscous diffusion. 65 The routine for propagating the Nernst−Planck equation was constructed based on the SPH package for LAMMPS developed by Ganzenmuller et al. 67 The Lucy kernel 49 was used as the smoothing function, and the supporting length is chosen to be 13.6 Å, twice the bead diameter. Periodic boundary conditions were applied in both y and z directions in the cluster morphology to represent a network formed by connected water pores. Proton concentration and electrostatic potential data were collected when steady state was reached for the conductivity calculation.
III. CONDUCTIVITIES IN DIFFERENT MORPHOLOGIES
When steady state is reached, the proton flux can be calculated via the gradients of proton concentration and electrostatic potential
The first term on the RHS of eq 11 corresponds to the contribution from ion migration under external electric field, while the second term is the contribution from ion diffusion. In principle, one could use the discretized version of eq 4 to calculate those gradients in eq 11, but here we use another formula 46, 48 to evaluate the gradient in order to obtain better numerical accuracy
With this formula we calculated the proton flux for each water bead, and the average proton flux of the system ⟨J + ⟩ can be obtained by doing a volume average 68−70 over all water beads. The average current density j is obtained by multiplying the proton flux by the Faraday constant, such that
The conductivity of the system is the ratio between average current density and that of mean electric field in the direction of proton conduction (the x direction in our case), i.e., the negative gradient of the electrostatic potential
The conductivity profiles for different morphologies at different hydration levels are shown in Figure 3 . The experimental data is from ref 71 . In Figure 3a , we see that for all morphologies the conductivity increases as hydration level increases. This is a natural result since the proton diffusion constant increases as the hydration level increases, and the proton flux in eq 11 is proportional to the diffusion constant. However, one can also observe that when hydration level increases from 10 to 15, the conductivities do not increase significantly. This is likely due to the fact that as hydration level increases, the proton concentration inside the channel also decreases. Since the first term in the RHS of eq 11 corresponds to migration under electrical field and is proportional to both the diffusion constant and the proton concentration, it is likely that the decrease in local proton concentration has offset the contribution from increase in diffusion constant. The conductivity values for lamellar and cylinder morphologies are very similar to each other, which can be related to the fact that unlike the cluster morphology, there is no hindrance imposed in the direction of proton conduction (x direction).
For the cluster morphology, its conductivity is significantly lower than lamellar and cylinder at all hydration levels. We interpret this as an effect of the hindrance imposed by the porosity and tortuosity in the cluster structure. To illustrate this point further, we performed SPH calculations for hydration level 15 under the diffusive regime, i.e., the first term on the RHS of Nernst−Planck equation (eq 7) was removed.
We plot the steady state proton concentration profile at hydration level 15 in Figure 4 . As is shown in Figure 4 , at steady state the proton concentration profile for lamellar and cylinder is a straight line, which is in accordance with the analytical solution to the 1-D free diffusion problem. However, the proton concentration in the cluster morphology shows slow decay inside the water pore due to the bottleneck of the morphology (i.e., the channel that connect water pores), and such slow decay in proton concentration reduces the local proton gradient inside the PEM. We therefore see a reduction in the overall average proton flux, and hence the conductivity, of the cluster morphology. Such a bottleneck effect has also been observed in study of proton transport in the membrane electrode assembly (MEA), 73 where pores with different radii are connected at the interface and conductivity is controlled by the bottleneck connecting pores.
Moreover, the low conductivity in cluster morphology can also be interpreted in terms of the length of proton transport path. To illustrate this point, we plotted the steady state 2-D proton concentration distribution for lamellar and cluster morphology at hydration level 15 in Figure 5 . As shown in Figure 5 , for both lamellar and cluster morphologies, the proton transport pathway is along the polymer surface, consistent with our recent analysis of the proton transport mechanism in various PEMs. 31 For the two morphologies shown in Figure 5 , the length scales in the x dimension are the same. Since proton transport mostly occurred near the polymer surface, for lamellar morphology the length of proton transport path can be approximately viewed as equal to the length in the x direction. However, for the cluster morphology the undulations in the proton transport path have greatly increased its length, which would increase the electrical resistance of the material, therefore reducing the conductivity.
Although the emphasis of this paper is to study the effect of morphology on proton transport rather than matching the conductivity values calculated from SPH to experimental values, it is necessary to interpret the lower conductivity from SPH calculations compared with experiments in Figure 3a . First, the smaller conductivity is partially due to neglect of water flow in the Nernst−Planck equation. As shown in Figure 3a , at hydration level 5 the calculated conductivity for lamellar and cylinder is very close to the experimental value, since percolation is not strong at such a low hydration level. As the hydration level goes beyond 10, there is percolation inside the PEM and water flow will contribute to the proton flux; therefore, there is a greater difference between the experimental values and our calculated values. In addition, the proton diffusion constants we are using also give rise to the smaller conductivity values. In this study we are trying to build a bridge connecting atomistic MD simulations and experiment using mesocale modeling of proton transport; therefore, all the diffusion constants are from our reactive MD simulations with the MS-EVB methodology. The current MS-EVB model for the proton gives proton diffusion constants that are somewhat smaller than the inferred experimental values in Nafion 26 and in bulk water. 74 Increasingly accurate MS-EVB models will likely improve the agreement with experiment. This can be illustrated by a qualitative scaling of conductivity by an experimental correction factor, as shown in Figure 3b . In Figure 3b , the conductivities from our SPH calculations are multiplied by a correction factor that is the ratio between quasielastic neutron scattering (QENS) experiment inferred proton diffusion constants in Nafion 72 and our calculated proton diffusion constants via the MS-EVB methodology. 26 Interestingly, the scaled cluster conductivity shows good agreement with the experimental conductivity at hydration level 5, while at 10 and 15 the lamellar and cylinder morphologies are in better agreement with the experimental curve (with the former slightly better than the latter). This comparison of our scaled conductivities with experiment suggests a possible morphological change of Nafion as a function of hydration, i.e., from cluster to lamellar or cylinder as hydration level increases from 5 to 10 as a result of the expansion of the hydrophilic domain. 4 
IV. SPH WITH POSITION-DEPENDENT DIFFUSION
CONSTANT (PDDC) In our previous SPH studies, 45 the diffusion constants, which serve as important input parameters, were from MD simulations of proton in random hydrated Nafion, where the diffusion of proton is assumed to be isotropic. However, in our SPH calculations in the last section the proton transport was studied in anisotropic confinement and a uniform diffusion constant does not give a very accurate description of anisotropic diffusion of ions. Using the diffusion tensor, whose values can be position dependent, would give a more reasonable characterization of diffusion. 50, 53 For example, for the lamellar morphology we studied, where the z direction is perpendicular to the polymer surface, the diffusion tensor has three nonzero diagonal terms that characterize diffusion in x, y, and z directions, respectively. The diffusion in the x and y directions is characterized by the parallel component D ∥ , since the system is homogeneous in the x and y directions, while the restricted diffusion along the z direction is characterized by the perpendicular component D ⊥ , and both D ∥ and D ⊥ depend on the position z.
The SPH formulation of the Nernst−Planck equation provides a convenient way of incorporating PDDCs, since each bead has been assigned with an individual diffusion constant, as shown in eq 9. To examine the influence of a PDDC, we chose the lamellar morphology at hydration level 10 as a test system. This is because the diffusion tensor in slab geometry has a relatively simple form where all off-diagonal terms are zero. This system has been studied with MD simulations with MS-EVB methodology previously, and a uniform diffusion constant 0.023 Å 2 /ps was obtained. 25 We reuse this same system setup in order to extract positiondependent diffusion constants. The width of the water channel is about 12 Å on average. We focus on the parallel component of the diffusion tensor because only proton transport parallel to the polymer surface contributes to the total conductivity. The parallel component of the diffusion tensor at each z position can be obtained by calculating the mean square displacement (MSD) parallel to the polymer surface 50, 53, 75 
Then the parallel component of the diffusion tensor can be obtained by taking the ratio between parallel MSD and the time at long time limit
In practice, to calculate the parallel component of MSD at each z position we used a harmonic potential to restrain one proton at the given z position, where z = 0 is the center of the channel. 53 To incorporate the Grotthuss shuttling mechanism, the restrained proton is treated as the center of excess charge (CEC) in MS-EVB simulations. 26, 74 For each z position, six MD simulations of 1.5 ns were performed to obtain averaged parallel MSDs. More details on the MD simulations for parallel MSD calculations are given in the Supporting Information. As shown in Figure 6 , the parallel diffusion constant shows a monotonic decay as the proton is located away from the center of the channel, giving a set of parallel diffusion constants that also decay monotonically from the center of the channel to the surface of the wall. This trend is also in agreement with previous studies of position-dependent proton diffusion coefficients in cylindrical Nafion pores based on a phenomenological nonequilibrium statistical mechanical transport model. 54, 55 Such a trend is a natural result because hydrated protons at the center of the water channel would feel less attraction from negatively charged sulfonate groups than near the polymer surface. Also, the rotation of water near the polymer surface is slowed relative to the center of the channel, which will also slow down proton transport. 20, 58, 76 Note that at the center of the water channel the parallel diffusion constant is about 0.11 Å 2 /ps, and this is still smaller than the proton diffusion constant in bulk water, 0.29 Å 2 /ps, as obtained from MS-EVB simulations. 74 This shows that at the center of the channel, the diffusion of water and proton is still not bulk-like, due to the influence imposed by the confinement.
We use the position-dependent diffusion constants in Figure  6 as a new set of input parameters for our SPH calculations. To obtain better accuracy in the interpolation of the PDDCs, smaller SPH beads whose radius is one-fourth of the bead radius used in previous section, were selected to discretize the system. The steady state proton concentration profiles from SPH calculations with and without PDDC are shown in Figure  7 . By subtracting the steady state proton concentration of simulations using a uniform diffusion constant (Figure 7b ) from that obtained using a PDDC (Figure 7a ), the proton concentration difference (Figure 7c) shows that more protons aggregate near the polymer surface due to the lower diffusivity of protons near the polymer surface. Our calculated conductivity from PDDC is 4.7 S/m, which is somewhat smaller than 4.9 S/m from the assumption of a uniform diffusion constant.
Although calculating PDDCs via MD simulations is a more quantitative approach to determine the PDDC, for large anisotropic systems it would be very expensive to do many MD simulations. Therefore, building up a phenomenological model for the PDDC is a more convenient way to incorporate this effect. In this case, based on previous analysis of proton solvation in PFSA membranes, 31 we assume that the excess protons can be in either "associated" or "free" state, where associated means that a proton is within the first or second solvation shell of a sulfonate group, while free means it is not. Then, the total diffusion constant of the system can be approximately viewed as a weighted average of the diffusion constant of each state multiplied by the probability that the proton is in that state.
tot asso asso free free (16) This approximation shares some similarities with the local average density model (LADM) for diffusivity, 77, 78 which was proposed more than two decades ago. To determine the probability of a proton in each state (P asso and P free ), we took the MD simulation data of a lamellar channel at hydration level 10 from previous work 25 and calculated the proton density in one-half of the channel, as shown in Figure 8 . The average position of the sulfonate groups is at z = 6 Å. We assign the region where protons are in the "associated" state to be 4.2 Å within the sulfonate group (i.e., z > 1.8 Å), as suggested in previous analysis, 31 since this is the extent of the first solvation shell around the sulfonate group. We can see that this is a reasonable separation of associated and free regions given the large drop in diffusion constant in the region 1 < z < 2 Å Figure 6 ). By integrating the area under the proton density curve in Figure 8 , we obtained P asso = 0.954 and P free = 0.046, suggesting that most protons are in the "associated" state. For D free we used the calculated PDDC at z = 0, i.e., D free = D ∥,z=0 = 0.11 Å 2 /ps. Then we can obtain D asso = 0.018 Å 2 /ps using eq 16.
We performed another SPH calculation with this set of phenomenological PDDCs. Steady state proton concentration profiles are shown in Figure 7d . Again, as shown in Figure 7e , similar to the case where PDDC is calculated via simulations, more protons aggregate near the polymer surface than in the case with a uniform diffusion constant. The difference between Figure 7e and 7c is that in the phenomenological model the increase in proton concentration is mostly near the polymer surface, while in the quantitative PDDC model (i.e., from MD simulations) it is more pervasive within the channel. This is likely due to the fact that the PDDCs in the quantitative model have a smoother transition from the polymer surface to the center of the channel, while in the phenomenological model diffusivity can only jump from one state to another state. The conductivity obtained from this calculation is 4.70 S/m, which is also very close to that from PDDC with MD simulations and slightly smaller than the value from a uniform diffusion constant.
Using this phenomenological methodology, we obtained PDDCs for the lamellar morphology at hydration level 5 and 15 in the same way and performed SPH calculations for these two systems, with the conductivities obtained given in Figure 9 . In general, the trend from conductivities using uniform diffusion constants matches that of the PDDC model, although the latter should give a more reliable physical description of the system's proton diffusivity. This agreement seems to largely be a coincidence due to the fact that the diffusion constant for the associated state is very close to the uniform diffusion constant and because most excess protons are in the associated state. However, we can still see that with a PDDC the calculated conductivity can vary by up to 10% (hydration level 5 and 15), compared with that from uniform diffusion constants. There- fore, our results suggest that the incorporation of inhomogeneity of diffusivity might have a non-negligible effect on the estimation of proton conductivity while studying proton transport. Such an effect might be more dramatic for different systems where the heterogeneity of local proton diffusivity spreads over a larger length scale.
V. CONCLUSIONS
In this paper, a detailed analysis of the influence of morphology on mesoscale proton transport in PEM was performed using smoothed particle hydrodynamics. By solving the Nernst− Planck equation for proton transport with SPH, we calculated proton conductivities at steady state for three proposed morphologies of hydrated Nafion: lamellar, cylinder, and cluster. While the conductivities increase as hydration level increases for all morphologies, we show that the conductivity for the cluster morphology is significantly lower than the lamellar and cylinder morphologies. This can be explained by the smaller local proton gradient in cluster morphology due to its porosity and the longer proton transport path along the polymer surface due to its tortuosity.
We also addressed the issue of position-dependent diffusion constant (PDDC), which so far has not received much attention in studies of dynamical proton transport in PEMs. We constructed both quantitative and phenomenological models for PDDC based on MD simulation data in the lamellar morphology. The PDDC captures the feature that proton diffusion far away from the polymer is faster than near the polymer surface in PEMs. Our calculations with SPH show that by incorporating PDDC the system conductivity can vary compared with using a uniform diffusion constant. This highlights the potential importance of incorporating the inhomogeneity of diffusion constant when studying dynamical ion transport as well as inhomogeneous transport coefficients for other problems, such as viscosity and heat conductivity. 
